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Abst ract - -A  measure of compactness for 3D (three dimensional) shapes composed of voxels, is 
presented. The work proposed here improves and extends to the measure o/discrete compactness [1] 
from 2D (two dimensional) domain to 3D. The measure of discrete compactness proposed here corre- 
sponds to the sum of the contact surface areas of the face-connected voxels of 3D shapes. A relation 
between the area of the surface enclosing the volume and the contact surface area, is presented. 
The concept of contact surfaces is extended to 3D shapes composed of different polyhedrons, which 
divide space generating different 3D lattices. The measure proposed here of discrete compactness is 
invariant under translation, rotation, and scaling. In this work, the term of compactness does not 
refer to point-set topology, but is related to intrinsic properties of objects. Finally, in order to prove 
our measure of compactness, we calculate the measures of discrete compactness of different volcanos 
(which are compared with their classical measures) from the valley of Mdxico using Digital Elevation 
Model (DEM) data. C) 2000 Elsevier Science Ltd. All rights reserved. 
Keywords - -Contact  surface, Measure of compactness, Geometric solids, 3D shape analysis, 3D 
shape classification, Polyhedrons, Discrete compactness. 
1. INTRODUCTION 
The study of shape properties in 3D domain is an important opic in computer vision. The 
basic descriptive properties of rigid solids are the enclosing surface area and volume. A measure 
of compactness for solids relates the enclosing surface area with the volume. Thus, a classical 
measure of compactness can be defined by the ratio (area3)/(volume2), which is dimensionless 
and minimized by a sphere [2]. In the content of this work, the term "sphere" means the enclosing 
surface together with its interior. 
The classical measures of compactness described by Ballard and Brown [2], Gonz£1ez and 
Wintz [3], Levine [4], Youssef [5] and Haralick and Shapiro [6], depend in large part on the 
perimeter in 2D domain or on the enclosing surface area in 3D, which produces a sensitive 
measure to noise. In the real world, most objects have noisy enclosing-surfaces, which affect 
their measures of compactness. We propose here a measure of discrete compactness for solids 
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composed of voxels, which depends in large part on the sum of the contact surface areas of the 
face-connected voxels of solids. 
In this work, we present an approach for measuring the compactness of rigid solids composed 
of a finite number of polyhedrons. This paper is organized as follows. In Section 2, we give a set 
of concepts and definitions and present he contact surface area and its relation to the enclosing 
surface area. In Section 3, we give the measure of discrete compactness for 3D shapes. Section 4 
gives some results using rigid solids of the real world and finally, in Section 5, we give some 
conclusions. 
2. CONCEPTS AND DEF IN IT IONS 
The classical compactness C of a solid can be measured by the ratio (area3)/(volume2), which 
is dimensionless and minimized by a sphere. Thus, for a sphere: A = 47rr 2 and V -- (4/3) 7rr 3. 
Therefore, C = 367~ is the minimum compactness of a solid, since the sphere encloses maximum 
volume for a constant surface area. The measure of compactness i an intrinsic property of 
objects. Therefore, the measure of compactness i invariant under geometric transformations 
such as: translation, rotation, and scaling. In the digital domain, most solids have no well- 
defined enclosing surfaces, due to the noise of the input devices used. 
The above mentioned may produce noisy enclosing-surfaces and consequently larger areas, 
which will affect the measure of compactness. On the other hand, the measure here proposed 
of discrete compactness depends in large part on the sum of the contact surface areas of the 
neighboring polyhedrons of solids. An advantage of using this measure of discrete compactness 
is that the accuracy of the area of the enclosing surface and the volume is measured using the 
same unit (the polyhedron). 
In order to introduce our proposed measure of discrete compactness we use volumetric repre- 
sentation for rigid solids by means of spatial occupancy arrays. Thus, the solids are represented as 
3D arrays of polyhedrons which are marked as filled with matter. Furthermore, shape is referred 
to as shape-of-object, and an object is considered to be a geometric solid composed of regular 
polyhedrons (voxels). 
In the content of this work, area is a numerical value expressing 2D extent in a plane, but 
sometimes it is used to mean the interior region itself [7]. Another consideration is the assumption 
that an entity has been isolated from the real world. This is called the rigid solid, and is defined 
as a result of previous processing. Figure 1 shows a solid composed of regular polyhedrons, in 
this case voxels. We use the tips and tricks proposed in [8] for plotting rigid solids composed 
of a large number of voxels. In this work, we only use rigid solids composed of face-connected 
voxels and the length of all the edges of voxels is considered equal to one. In order to introduce 
the proposed compactness measurement method, a number of geometrical concepts are presented 
below. 
2.1. Surfaces 
Based on [8] we present he contact surfaces for rigid solids composed of polyhedrons. Also, 
we present he relation between the contact surface area and the area of the surface enclosing 
the volume. This relation between the areas of the surfaces can be used in different polyhedrons, 
which fill 3-space. In this case, we give an illustration using hexahedrons and octahedrons. 
2.1.1. The  area of  the enclos ing surface 
The area A of the enclosing surface of a rigid solid composed of a finite number n of polyhedrons 
(for instance, voxels), corresponds to the sum of the areas of the external plane polygons of the 
polyhedrons which form the visible faces of the solid. For example, the enclosing surface area of 
the solid represented in Figure 2c is 38. The solid presented in Figure 2g corresponds to the solid 
in 2c rotated 180 °. This was done to show the back view of the solid. 
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Figure 1. A solid composed of voxels. This is a volumetric representation forsolids 
by means of a spatial occupancy array. 
2.1.2. The  contact  surface area 
The contact surface area Ac of a rigid solid composed of a finite number n of polyhedrons 
corresponds to the sum of the areas of the contact surfaces which are common to two polyhedrons. 
For instance, the contact surface area of the solid represented in Figure 2d is 8, corresponding to
eight plane polygons. The contact surfaces in Figure 2h correspond to the surfaces in Figure 2d 
respectively, rotated 180 ° . 
2.2. The  Re la t ion  Between the Areas  of  the 
Enc los ing Surface and the Contact  Surface 
THEOREM. For any rigid solid composed of n polyhedrons. The following equation is satist~ed: 
2Ac + A = aFn, (1) 
where Ac is the contact surface area, A is the area of the enclosing surface, a is the area of the 
face of the polyhedron used, and F is the number of faces of the polyhedron. 
The proof of this theorem is omitted, because it is similar to the proof of the theorem of the 
contact perimeter presented in [1]. 
By equation (1), the contact surface area is defined as follows: 
Ac (aFn - A) 
= 2 (2)  
Figure 2 shows the relation between the areas for hexahedrons and octahedrons. Figure 2a 
shows a regular hexahedron (voxel). The variables for the solid presented in Figure 2c are: n = 9 
(the number of voxels of this solid is nine); F = 6 (because the regular hexahedron has six 
polygonal faces), and A = 38 (which corresponds to the number of visible faces of the solid or 
the area of the enclosing surface). Substituting these values in equation (2), we obtain A~. = 8, 
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Figure 2. The relation between the contact surface area and the area of the enclosing 
surface using different polyhedrons: (a) a voxel (a regular hexahedron); (b) the 
different orientations used of an octahedron; (c) a rigid solid composed of nine voxels; 
(d) the corresponding contact surfaces of the solid presented in (c); (e) a rigid solid 
composed of nine octahedrons; (f) the corresponding contact surfaces of the solid 
shown in (e); (g) the corresponding object of (c) rotated 180°; (h) the corresponding 
surfaces of (d) rotated 180°; (i) the corresponding object of (e) rotated 180°; (j) the 
corresponding surfaces of (f) rotated 180 °. 
which corresponds to the eight faces shown in Figure 2d or the contact surface area. The objects 
shown in the Figures 2g and 2h correspond to the objects in Figures 2c and 2d, respectively, 
rotated 180 ° . 
Figure 2b shows the different orientations of an octahedron, notice that this octahedron is 
not regular but fills space. The solid presented in Figure 2e is composed of nine octahedrons. 
The variables for this solid are: n = 9; F = 8 (this is due to the fact that the octahedron 
has eight faces), and A = 52, which corresponds to the area of the enclosing surface. Therefore, 
substituting these values in equation (2), we obtain Ac -- 10, which corresponds to the geometrical 
forms presented in Figure 2f (the area of each face of the octahedron is equal to one). The objects 
shown in Figures 2i and 2j correspond to the objects in Figures 2e and 2f, respectively, rotated 
180 ° . 
2.2.1. The  re lat ion between the  areas is p reserved  for 
solids having holes and inner  holes 
In the real world, some solids have holes and inner holes. The relation between the contact 
surface area and the area of the enclosing surfaces is preserved for this kind of solids. Figure 3 
shows some solids which have holes and inner holes. Figure 3a displays a rigid solid which has a 
hole, this solid is composed of 48 voxels. Thus, its area of the enclosing surface is equal to 120. 
Therefore, its contact surface area is equal to 84. This is observed in Figure 3d. 
Figure 3b shows a solid which has an inner hole. Notice that the solid presented in Figure 3c 
has been truncated to show the inner hole. Thus, this solid is composed of two enclosing surfaces: 
the external enclosing surface and the inner enclosing surface, which are shown in Figures 3e and 
3f, respectively. The number of voxels of this solid is equal to 56; the area of the enclosing 
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Figure 3. Solids having holes and inner holes: (a) a rigid solid which has a hole; 
(b) a rigid solid which has an inner hole; (c) the solid of (b) truncated; (d) the 
corresponding contact surfaces of the solid presented in (a); (e) the external enclosing 
surface of the solid displayed in (b); (f) the inner enclosing surface of the solid shown 
in (b); (g) the corresponding contact surfaces of the solid presented in (b). 
surface in F igure 3e is 96 and in F igure 3f is 24 so, the tota l  area of the enclosing surfaces is 120. 
Therefore, the contact  surface area of this solid is equal to 108. The faces which correspond to 
the contact  surface area are shown in F igure 3g. 
2.2.2.  The  contact  sur face  area  is max imized  to  the  fo rm o f  the  used  po lyhedron  
In the digital  domain,  when we are using regular hexahedrons, the contact surface area is 
maximized to the form of the regular-polyhedron used. Thus, if the solids are descr ibed using 
voxels (F  = 6); the contact  surface area is maximized by a digital  cube. F igure 4 i l lustrates this. 
In F igures 4a and 4b, we show a digital  sphere and a digital  cube composed of 13824 voxels each. 
A perfect cube is 13824 and ~/i3824 = 24. The contact surface area for this digital  sphere is 
equal to 39403 and for this digital  cube is equal to 39747. Notice that  the max imum contact  
surface area belongs to the digital  cube. We do not prove this only i l lustrate it. 
(a) (b) 
Figure 4. The contact surface area is maximized by a digital cube: (a) a digital 
sphere composed of 13824 voxels and its contact surface area is equal to 39403; (b) a 
digital cube composed of 13824 voxels and its contact surface area is equal to 39747. 
2.3. The  Min imum and Max imum Contact  Sur face  Area  
The  min imum contact  surface area AcmL. for a solid composed of n voxels is defined by 
Acm,, = a(n  - 1), 
where a is the area of a face of the voxel, in this case a = 1. 
(3) 
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Figure 5. Contact surface areas and measures of discrete compactness for different 
solids composed of 27 voxels each: (a) the maximum contact surface area and the 
maximum easure of discrete compactness; (b); (c); (d); ... ; (o) this example of 
solid has the minimum contact surface area and the minimum measure of discrete 
compactness. The external solids correspond to the inner solids, respectively, rotated 
180 °. 
On the other hand, the maximum contact surface area A~ .... for a solid composed of n voxels 
is obtained using equation (1), and is defined by 
aFn  - 6a ( 2¢~) 2 
Ac .... = 2 ' (4) 
where F = 6 and a = 1. Therefore, 
(5) 
Figure 5 shows examples of solids composed of 27 voxels each, notice that  the maximum 
contact surface area corresponds to the solid in Figure 5a, its area is 54, which is obtained using 
equation (5). Figures 5b-5o show different examples of solids which have descending areas in 
steps of 2. Thus, for each solid in Figure 5 we have: (a) Ac = 54 and A = 54; (b) Ac = 52 and 
A = 58; (c) A¢ = 50 and A = 62; . . . ;  (o) A, = 26 and A = 110. Notice that  the values of 
the contact surface areas of the solids in Figure 5 are decreasing in steps of 2 whereas the values 
of the enclosing surface areas are increasing in steps of 4. The min imum contact surface area 
belongs to the solid presented in the Figure 50, its contact surface area is 26, which is obtained 
using equation (3). The proposed contact surface area decreases linearly. Notice that the external 
solids in Figure 5 correspond to the inner solids respectively, rotated 180 °. This was done to show 
the back view of the solids. 
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Figure 6. A subset of solids composed of 256 voxels each, with enclosing surface 
area of 696, and CD = 0.4208. These solids belong to the same class of discrete 
compactness. 
@ 
3. THE MEASURE OF D ISCRETE 
COMPACTNESS FOR 3D SHAPES 
Compactness i  an important property of objects. The measure of discrete compactness hould 
be an intrinsic property of objects. Therefore, it should be invariant under translation, rotation, 
and scaling. 
DEFINITION. The measure of discrete compactness CD for a 3D shape composed of n yoxels  is 
defined by 
Ac - Acmi n 
CD : Acm~,x - Acmi n ' (6) 
The measure of discrete compactness of a solid is dimensionless and maximized by a digital 
cube, its values vary continuously from 0 to i. Thus, the value of the minimum measure of 
discrete compactness for a solid composed of n voxels is zero. On the other hand, the value 
of the maximum measure is one which corresponds to a digital cube. Figure 5 illustrates the 
measures of discrete compactness of solids composed of 27 voxels each, this measure of discrete 
compactness varies linearly, which is an important advantage because in 3D shape analysis we 
can classify 3D shapes using this measure; for instance the solids presented in Figure 5 whose 
measures of discrete compactness are less than or equal to 0.25 belong to the class of thin solids. 
Figure 6 illustrates 25 rigid solids which are composed of 256 voxels each one, the area of the 
enclosing surface of each solid is equal to 696, its contact surface area is equal to 420. Therefore, 
its measure of discrete compactness is equal to 0.4208. Taking into account he compactness 
hypothesis proposed by Haralick and Shapiro [6], which "states that the pattern measurements 
of a given class are nearer to other pattern measurements in the class than they are to pattern 
measurements from other classes'. The solids presented in Figure 6 belong to the same class of 
discrete compactness. Thus, this measure may be a useful tool as an initial step in 3D shape 
similarity detection, when two shapes have large differences between their measures of discrete 
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compactness, it is not necessary to compare them. Notice that the solids shown in Figure 6 are 
displayed in perspective. 
Figure 7 shows a digital sphere at three different levels of resolution. Figure 7a displays the 
digital sphere composed of 33401 voxels and its measure of discrete compactness i equal to 
0.9917. Figure 7b illustrates the same digital sphere composed of 65267 voxels and a measure 
equal to 0.9913. Finally, Figure 7c shows the same sphere now composed of 113081 voxels and 
a measure qual to 0.9919. Notice that the measures of the discrete compactness of the digital 
sphere presented in three different levels of resolution are considered equal. The small differences 
of the measures are due to n not being a perfect cube in the three different cases. 
n 33401 
CD=0.9917 n=65267 
CD=O.9913 
(b) 
n=113081 
CD=O.9919 
(o) 
Figure 7. Examples of three different levels of resolution for a digital sphere: (a) the 
digital sphere composed of 33401 voxels; (b) the digital sphere composed of 65267 
voxels; (c) the digital sphere composed of 113081 voxels. 
4. RESULTS 
In order to test our proposed measure of discrete compactness, we present some rigid solids 
of the real world as examples. We calculate the measures of discrete compactness of different 
volcanos (which are compared with their classical measures) from the valley of M~xico using 
Digital Elevation Model (DEM) data. DEMs are digital representation f the Earth's surface. A 
DEM is generated as a uniform rectangular grid organized in profiles and is represented by a 3D 
mesh. Figure 8 shows the DEM of the valley of M~xico using a 3D mesh of 150 × 241 elements, 
the digitalization of this model is based on 1 : 250,000 scale contours. The left-hand side of the 
figure corresponds to the north of the valley of M~xico, the right-hand side to the south, the 
upper side to the east, and the lower side to the west. The elevation data values of the models 
shown in this study were increased to enhance their characteristics. 
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Figure 9 shows different views of the volcano Iztaccihuatl. This volcano lies to the east of 
the valley of M6xico. Notice that this volcano is represented as a solid rigid composed of 100384 
voxels. The method for transforming DEM data into rigid solids composed of voxels was presented 
in [8]. Furthermore, we use morphological operators to erode this solid. Thus, we preserve 
essential shape characteristics. Also, this was described in [8]. Figure 9a illustrates the volcano 
Iztaccihuatl and Figures 9b-9d show different rotations of this volcano. 
Figure 8. The DEM of the valley of M~xico represented by a 3D mesh of 150 × 241 
elements. 
(a) (b) 
(c) (d) 
Figure 9. Different rotations of the volcano Iztaccihuatl, which is composed of 100384 
voxels: (a) the volcano; (b)-(d) different rotations of the volcano. 
When objects are represented as binary solids composed of voxels it is possible to calculate 
their measures of discrete compactness. Thus, we present hree different volcanos of the DEM 
shown in Figure 8, the volcanos: Popocatepetl, Iztaccihuatl, and LaMalinche. These volcanos 
are presented in Figure 10, respectively. Figure 10a shows the volcano Popocatepetl which is 
composed of 59595 voxels, its classical measure of compactness i equal to 1313.2691, and its 
measure of discrete compactness is equal to 0.9670. Figure 10b illustrates the volcano Iztaccihuatl 
which is composed of 100384 voxels, its classical measure of compactness i  equal to 2663.3386, 
and its measure of discrete compactness i  equal to 0.9563. Finally, Figure 10c shows the volcano 
La Malinche which is composed of 49621 voxels, where C = 2674.5812 and CD = 0.9441. 
The volcanos in Figure 10 are shown in descending order of measures of discrete compactness. 
Thus, the most compact volcano of the three studied above is Popocatepetl while on the other 
hand, tile least compact volcano is La Malinche. 
5. CONCLUSIONS 
In this work, a concept of measure of discrete compactness for rigid solids composed of voxels, is 
defined. This measure is invariant under translation, rotation, and scaling. The measure proposed 
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n=49621 
n=100384 C=2674.5812 
C=2663.3386 CV=0.944t  
Cp =0,9563 (c) 
(b) 
Figure 10. Different rotations of the volcano Iztaccihuatl, which is composed of 
100384 voxels: (a) the volcano; (b)-(d) different rotations of the volcano. 
here of discrete compactness requires more computation than the classical measure, but has two 
important advantages: it varies linearly which may be a useful tool in 3D shape classification; 
and depends to a large degree on the sum of the contact surface areas of the face-connected voxels 
of solids, which produces a most robust measure for noisy enclosing-surfaces. 
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